We study moduli spaces of rational graphically stable tropical curves and a refinement given by radial alignment. Given a complete multipartite graph Γ, the moduli space of radially aligned Γ-stable tropical curves can be given the structure of a balanced fan. This fan structure coincides with the Bergman fan of the cycle matroid of Γ.
Introduction
The moduli space M trop 0,n is a cone complex which parameterizes leaf-labelled metric trees. Its structure is obtained by gluing positive orthants of R n−3 corresponding to trivalent trees. Speyer and Sturmfels [14] give an embedding of this cone complex (in the context of phylogenetic trees) into a real vector space as a balanced fan where each top-dimensional cone is assigned weight 1. In [1] , Ardila and Klivans study phylogenetic trees and show that the fan structure of M trop 0,n has a refinement which coincides with the Bergman fan of the cycle matroid of K n−1 , the complete graph on n − 1 vertices. As a generalization of Ardila and Klivans, it is shown by Cavalieri, Hampe, Markwig, and Ranganathan in [3] that the fan associated to the moduli space of rational heavy/light weighted stable tropical curves, M trop 0,w , and the Bergman fan of a graphic matroid have the same support.
The main result of this paper further generalizes their result by starting with stability conditions defined by a graph (reduced weight graph) rather than a weight vector. We introduce tropical rational graphically stable curves (Definition 3.12) and write M trop 0,Γ as the moduli space of these curves. We define this moduli space so that if we begin with a graph that is also a reduced weight graph (Definition 2.13 of [3] ) we recover the corresponding weighted moduli space.
Keeping in mind that the Bergman fan of a graphic matroid is a refinement of M trop 0,n (also M trop 0,w ), we add the extra condition of radial alignment to M trop 0,n to define the moduli space M rad 0,n . Radial alignment refers to an ordered partition on the vertices of the combinatorial type of a curve. One result is an independent restatement of results from [1] and [5] . It shows that the radial alignment is the condition needed to achieve the Bergman fan refinement. Our main result characterizes tropical matroidal moduli spaces.
Theorem 3.28 The moduli space M rad 0,Γ has the structure of a balanced fan if and only if Γ is a complete multipartite graph. Furthermore, this fan is equal to the Bergman fan of the cycle matroid of Γ.
Our motivation for this paper comes from the theory of tropical compactifications and log-geometry. From work of Tevelev [15] and Gibney and Maclagan [7] it has been shown that there is an embedding of M 0,n into a toric variety X(Σ) where the tropicalization of M 0,n is a balanced fan Σ ∼ = M trop 0,n . This embedding is special in the sense that the closure of M 0,n in X(Σ) is M 0,n . Cavalieri et al. [3] show a similar embedding can be constructed for weighted moduli spaces when the weights are heavy/light spaces. We begin this process for matroidal spaces. In [13] Ranganathan, Santos-Parker, and Wise describe radial alignments of genus 1 tropical curves and show how this extra data can be used for desingularization.
The paper is organized as follows. In section 2 we define a matroid axiomatically using independence axioms. Afterwards we describe how a matroid can also be defined via base, rank, closure, and circuit axioms. Then we restrict our attention to the cycle matroid and discuss necessary graph theory terminology.
In Section 3 we begin by defining the moduli space of rational n-marked tropical curves, M trop 0,n . We also describe an embedding as a balanced fan into a real vector space as in [6] . In Section 3.1, we define the Bergman fan of a matroid and also define radially aligned rational n-marked tropical curves by imposing a weak ordering on the vertices given by their distances from the root vertex. Using radially aligned tropical curves we describe an explicit constructive bijection between cones of the B ′ (K n−1 ) and cones of M rad 0,n . Section 3.2 is original work motivated by [3] . We define graphically stable radially aligned tropical curves. In subsection 3.2.1 we investigate projections of M rad 0,n and B ′ (K n−1 ) by forgetting coordinates of rays corresponding unstable curves and show that the fans coincide with B ′ (Γ). Subsection 3.2.2 contains our final result that states M rad 0,Γ can be embedded as a balanced fan equal to the B ′ (Γ) when Γ is a complete k-partite graph.
Matroids
2.1. Introduction to Matroids. The concept of a matroid was independently discovered in 1930's by Whitney [20] , van der Waerden [18], and Nakasawa [10] . Whitney's original paper looked at the similarities between linear independence and graph theoretic independence. Similarly, van der Waerden was also interested in generalizing the notion of independence by comparing linear independence and algebraic independence.
Over the next 30 years the following key results arose. In the 30's Birkhoff made the connection that one of the rank axioms ((R3 ′ ) specifically) is the semimodular condition for lattices [2] and Mac Lane wrote an article on the relations to projective geometry [9] . The 1940's saw expansions by Rado with work on transversality [11] and infinite matroids [12] and Dilworth who wrote more on lattice theory [4] . It wasn't until the late 50's/early 60's when matroid theory took off. Much of this due to the results of Rado, Tutte, Edmonds, and Lehman. Highlighting some results of Tutte are the categorization of binary and regular [16] , and graphic [17] matroids.
Since then matroids have been a target study for linear algebra, graph theory, optimization, block designs, combinatorial algebraic geometry and more. We begin as Whitney did, the axiomatic definition in terms of independence.
The elements of I are called independent sets and thusly call (I1), (I2), and (I3) the independence axioms. If a subset of E is not independent, then we call it dependent. More commonly (I3) is known as the exchange property. Other resources tend to restrict the definition of a matroid to just the latter two properties.
For a matroid M = (E, I) we make the following definitions. A base B of M is a maximal independent subset of E. A circuit C of M is a minimal dependent set. Minimal and maximal refer to the size of the circuit or base. Denote 2 E as the power set of E. The rank function of a matroid is rk : 2 E Z defined by rk(A) = max(|X| : X ⊆ A, X ∈ I).
In the case where A ∈ I, then rk(A) = |A|.
We are also interested in the notion of a flat or subspace.
In other words, F is a flat if there are no elements that can be added to F without increasing the rank of F . Define the closure operator to be a function cl : 2 E 2 E such that cl(A) is the set of elements that satisfy the following property. If x ∈ E and A ⊂ E, then cl(A ∪ x) = cl(A). It turns out that cl(A) is the smallest flat containing A. Ordered by rank we may associate a partially ordered set (poset) to the flats of a matroid. It turns out that this poset actually forms a lattice, called the lattice of flats.
Next we give some equivalent axiomatic definitions of a matroid as presented by Welsh in [19] , the first comprehensive book on matroid theory.
Base Axiom: A non-empty collection B of subsets of E is the set of bases of a matroid on E iff it satisfies the following condition:
(B1) For B 1 , B 2 ∈ B and for x ∈ B 1 \B 2 , there exists y ∈ B 2 \B 1 such that (B 1 ∪y)\x ∈ B.
There are two ways to define a matroid in terms of rank.
Rank Axioms 1: A function rk : 2 E Z is the rank function of a matroid E if and only if for X ⊆ E, and y, z ∈ E:
(R1) rk(∅) = 0; (R2) rk(X) ≤ rk(X ∪ y) ≤ rk(X) + 1; (R3) if rk(X ∪ y) = rk(X ∪ z) = rk(X) then rk(X ∪ y ∪ z) = rk(X).
Rank Axioms 2: A function rk : 2 E Z is the rank function of a matroid E if and only if for any subsets X, Y of E:
Closure Axioms: A function cl : 2 E 2 E is the closure operator of a matroid on E if and only if for X, Y ⊂ E and x, y ∈ E:
Circuit Axioms: A collection C of subsets of E is the set of circuits of a matroid on E if and only if the following conditions are satisfied:
2.2. The Cycle Matroid. In this paper, we consider the matroid of a finite simple connected graph Γ = (V, E) where V is the ordered vertex set and E the edge set, sometimes denoted E(Γ). We denote e ij ∈ E to be an edge between vertices v i and v j . A graph is complete if each pair of distinct vertices has an edge between them. The complete graph on n vertices is denoted K n . A clique is a subgraph that is complete, denoted K I where I is the set of vertices with edges between them. A disjoint union of complete graphs is called a cluster graph.
Often called the cycle matroid, this matroid is given by M(Γ) = (E(Γ), I) where I is the collection of all forests of Γ. A forest of Γ is a subgraph, possibly disconnected, such that all connected components are trees. Lemma 2.1. Let Γ be as above. Then M(Γ) is a matroid.
Proof.
(I1) The graph with no edges is a forest since it contains no cycle. (I2) A subgraph of a forest is a forest (I3) Let A and B be forests with |A| = |B| + 1. Let k A , V A and k B , V B denote the number of connected components and vertex sets of A and B, respectively. It is known that
. Therefore there must be an edge e ∈ A that connects two components of B otherwise |A| ≤ |B|. Again e suffices our conclusion.
Consider the cycle matroid M(Γ). A base is a spanning forest. A circuit is a cycle, which is a path in which the initial and terminal vertices are the same and no other vertices repeat. The rank of a set of edges E ′ is the number of edges in a spanning forest of Γ E ′ , the subgraph induced by E ′ . Alternatively, the rank of a subgraph G ⊂ Γ may be computed by n − k where n is the number of non-isolated vertices in G and k is the connected components of among non-isolated vertices of G. An isolated vertex is a vertex that is not a part of an edge.
We restrict our attention to Γ = K n to examine flats and the closure operator. A flat of M(K n ) is a cluster graph, k j=1 K I j . For a subgraph G of K n , whose connected components are given by vertex sets V 1 , . . . , V k . Then cl(G) is the flat k j=1 K V j . We say that the closure operator is completing each connected component. See Figure 1b for the lattice of flats for M(K 4 ). Figure 1 One natural operation on a graph is to delete edges. The cycle matroid respects this operation in the sense that a subgraph induces a submatroid, called the restriction matroid. Note that the restriction of an arbitrary matroid is a well-defined concept in general but in this paper we only use it in the context of the cycle matroid of K n . Lemma 2.2. (Theorem 1 from [19] , section 4.2) Let G be a subgraph of K n and denote M(K n ) = (E, I). Let I|G = {X|X ⊆ E(G) and X ∈ I} be the restriction of forests of K n to the edge set of G. Then I|G is the set of independent sets of the M(G).
That is, the forests of G can be obtained by intersecting a forest of Γ with G. Denote the closure operators for M(K n ) and M(G) as cl Kn and cl G , respectively. They are related by
Unlike the closure operator, there is no ambiguity between the rank functions on M(G) and M(K n ) so we will denote both as rk(A).
Suppose the graph G is obtained by removing edge e 25 from K 4 , as labeled in Figure 1a . Analyzing its lattice of flats, we see that we obtain a sublattice of the lattice of flats of M(K 4 ), see Figure 2 .
Next we write a technical lemma used for Proposition 3.25. The proof is purely graph theoretic so we prove it here. Proof. The backwards direction follows from the definition of rank. So let us assume that G and Γ have the same rank. Let T ′ be a spanning forest of G. Then there exists T a spanning forest of Γ such that T ∩ G = T ′ . By assumption we know that rk(T ) = rk(T ′ ) and therefore they have the same number of edges. Since T ′ is a subgraph of T , they must be the equal.
Here we define the complete multipartite graph and discuss some facts about it. A kpartite graph (or multipartite) is a graph on n = k i=1 n i vertices, partitioned into k sets (called independent sets) such that no two vertices from the same set are adjacent. A complete k-partite graph denoted K n 1 ,...,n k is a k-partite graph such that every pair of vertices in different sets are adjacent. Alternatively, we may obtain a complete k-partite graph by removing the disjoint cliques on vertices given by the independent sets. Meaning that the complement of a complete mutlipartite graph is a cluster graph.
The following lemma describes some useful characterizations of a complete multipartite graph. The proof follows from graph theoretic properties. Lemma 2.4. Let G be a graph. The following are equivalent:
(1) G is a complete multipartite graph.
(2) If e ij is an edge of G, then for any other vertex v k either e ik or e jk is an edge of G.
(3) There do not exist 3 vertices whose induced subgraph has exactly 1 edge.
Tropical Moduli Spaces as Bergman Fans
Consider the space of genus 0, n-marked abstract tropical curves M trop 0,n . That is, points of M trop 0,n , denoted C, are in bijection with metrized trees with bounded edges having finite length and n unbounded labeled edges called ends. By forgetting the lengths of the bounded edges of C we get a tree with labeled ends called the combinatorial type of C.
We may also think of M trop 0,n as a cone complex. Curves of a fixed combinatorial type with d bounded edges are parameterized by R d ≥0 . We obtain M trop 0,n by gluing several copies of R n−3 ≥0 via appropriate face morphisms, one for each trivalent combinatorial type. Note that a (d − m)-dimensional face of a d-dimensional cone corresponds to a combinatorial type where the lengths of m bounded edges are shrunk to 0.
Furthermore we discuss the embedding of M trop 0,n into a real vector space as a balanced, weighted, pure-dimensional polyhedral fan as in [6] . A weighted fan (X, ω) is a fan X in R n where each cone σ has a positive integer weight associated to it, denoted ω(σ). A weighted fan is balanced if for all cones τ of codimension one, the weighted sum of primitive normal vectors of the top-dimensional cones σ i ⊃ τ is 0, i.e.
where u σ i /τ is the primitive normal vector, V is the ambient real vector space, and V τ is the smallest vector space containing the cone τ . See Construction 2.3 of [6] for a construction of the primitive normal vector.
Denote dist(i, j) as the sum of lengths of all bounded edges between the ends marked by i and j. Then vector
The combinatorial type of an abstract n-marked tropical curve C with one bounded edge splits the set of ends [n] into I ⊔I c . We denote the ray corresponding to C by d(C) = ρ I = ρ I c .
We adopt the convention that in a split the set I will not contain 1. In [8] , Kerber and Markwig proved the relation
where I 2 is the set of all size-2 subsets of a set I and x ∈ R n . Remark 3.1. In other words, Equation (2) means that any set of n−1 2 − 1 of combinatorial types of curves with one bounded edge and a trivalent vertex not containing the end 1 corresponds to a basis of Q n . Equation (3) gives us the unique way to write any ray of Q n as a linear combination of our basis. Now consider the combinatorial type of a tropical curve C with d bounded edges. We construct d splits, I 1 , . . . , I d , in the following way. A split I j is defined by the combinatorial type you obtain contracting all but the jth bounded edge of C. The cone corresponding to the combinatorial type of C is the span of rays ρ I 1 , . . . , ρ I d .
3.1. Tropical moduli spaces of rational stable curves as Bergman fans. Given any matroid M with ground set E we define the Bergman fan which is a polyhedral fan B(M) ⊆ R |E| . The Bergman fan is
where M w is the matroid on E whose bases are all bases B of M which have minimal wweight Σ i∈B w i . A loop of a matroid is an element whose rank is 0. A more useful definition for our purposes is from Ardila and Klivans [1] . They showed that B(M) is a polyhedral cone complex that coincides with the order complex of the lattice of flats of M. An order complex of a poset P is defined to be the simplicial complex whose vertices are the elements of P and whose faces are chains of elements of P .
In other words, given a chain of flats (COF) F in M
where v e is a standard basis vector of R |E| .
Remark 3.2. Any Bergman fan contains the vector (1, 1, . . . , 1) as a ray. So rather than studying B(M) we quotient out the lineality space L, spanned by the vector (1, 1, . . . , 1), to get B ′ (M) := B(M)/L. Thus we identify a COF F by its nontrivial flats F 1 , . . . , F r and denote r to be its length.
Note that a COF of length r corresponds to a cone of dimension r in the Bergman fan. We call this polyhedral structure the chains-of-flats subdivision of B ′ (M).
For the rest of the paper we write Γ to represent the graph and the cycle matroid of Γ. We continue to use |E(Γ)| as the number of edges in Γ.
It has been shown in Section 4 of [1] and Example 7.2 of [5] that the supports of M trop 0,n and B ′ (K n−1 ) coincide. Ardila and Klivans describe a bijection in terms of equidistant (n − 1)trees while François and Rau give a bijection induced by a Z-linear transformation of the ambient spaces. We give an explicit constructive bijection between their stratifying sets. However, we must refine the notion of tropical curves to radially aligned tropical curves. These curves are analogous to the equidistant trees of Ardila and Klivans.
We define the root vertex of a tropical curve C to be the vertex containing the end with marking 1 and we denote it V 0 . Given a labeling of the non-root vertices of C, V 1 , . . . , V d , we define ℓ i to be the distance from the root vertex to V i . Also we set ℓ 0 = 0. Definition 3.4. A radially aligned tropical curve C is a tropical curve with the additional data of a weak ordering on the vertices given by {ℓ i } d i=0 . Define M rad 0,n as the parameter space of genus 0, n-marked radially aligned abstract tropical curves. Similar to before, we get the radially aligned combinatorial type by forgetting the lengths but keeping the weak ordering on the vertices. Remark 3.5. A weak ordering of a set can be viewed as an ordered partition. Meaning a partition of the vertices into disjoint subsets together with a total ordering on the subsets. Thus the number of cones of M rad 0,n can be counted using ordered Bell numbers or Fubini numbers. We can see this fact highlighted in Example 3.7.
Clearly the support of M trop 0,n and M rad 0,n are the same. But as fans, M rad 0,n is a refinement of M trop 0,n . We call this refinement the radially aligned subdivision. The next two examples illustrate particular 3-dimensional cones of M trop 0,n that become subdivided in the radially aligned subdivision.
Example 3.6. Consider the combinatorial type C ∈ M trop 0,6 with splits I 1 = {2, 3}, I 2 = {4, 5, 6}, I 3 = {5, 6}, see Figure 3a . In M trop 0,6 , this combinatorial type corresponds to a single 3-dimensional cone with faces consisting of three 2-dimensional cones, and three rays. The 2-dimensional faces correspond to the combinatorial types obtained by shrinking the length of a bounded edge to 0. The rays correspond to contracting 2 bounded edges. In M rad 0,6 , the radially aligned subdivision yields three distinct isomorphism classes, i.e. three 3-dimensional cones. By contracting the various bounded edges it turns out that there are seven 2-dimensional cones and five rays see Figure 3b . The weak orderings are compiled in the 15 strings of inequalities listed below.
A couple of notes about these strings of inequalities. First, the number of strict inequalities is the same as the dimension of the corresponding cone, i.e. the columns, from left to right, correspond to rays, 2D cones, and 3D cones. Also notice that the only restriction on ordering the ℓ i 's is that ℓ 2 ≤ ℓ 3 . Figure 4a . Similar to Example 3.6, in M trop 0,7 , this combinatorial type corresponds to a single 3-dimensional cone with faces consisting of three 2-dimensional cones, and three rays. The radially aligned subdivision yields six 3-dimensional cones, twelve 2-dimensional cones, and seven rays, see Figure 4b . If we also consider the 0-dimensional cone which is the intersection of all of these cones there are 26 in total. We may also obtain 26 by doubling the ordered Bell number on a set of three elements. The factor of 2 is due to having a distinguished least element of ℓ 0 . Lemma 3.8. M rad 0,n = B ′ (K n−1 ) as polyhedral cone complexes. In particular, there is a bijection Ψ between chains of flats of K n−1 and radially aligned combinatorial types of M rad 0,n . Proof. Recall that a flat F of K n−1 corresponds to a cluster graph, i.e. F is a disjoint union of complete graphs. Consider the COF of length 1 given by F with vertex sets V 1 , . . . , V k . The abstract tropical curve corresponding to F can be constructed in the following way:
Denote the root vertex V 0 . Attach ends labeled by [n] \ k i=1 V i and attach k bounded edges of the same length where the new vertices are labeled V 1 , . . . , V k . Finally, on each V i attach ends marked by the vertex set V i . Now consider a COF F = F 1 ⊂ · · · ⊂ F r . Write each flat as
where I i j is the vertex set of the jth complete graph at the ith step in the chain and k i is the number of connected components of F i . Define for i = 1, . . . , r a chain of inclusion maps
. Also define the trivial map
The following construction gives a cone in M rad 0,n by producing a radially aligned curve belonging to it. Denote the root vertex V 0 and attach ends labeled by [n] \ kr j=1 I r j . To the root vertex attach k r bounded edges of length 1 with a vertex at the end of each edge. For each i = r − 1, . . . , 0 and j = 1, . . . , k i+1 attach ends given by Let ρ be a ray of M rad 0,n , i.e. ρ corresponds to an abstract tropical curve with d bounded edges of the same length and disjoint splits I 1 , . . . , I d . The corresponding flat is F ρ = d j=1 K I j . Note that rays of M trop 0,n correspond to abstract tropical curves with exactly one bounded edge. Later we see that the corresponding flats are precisely the 1-connected flats of K n−1 .
Let C be an arbitrary radially aligned combinatorial type with and ordered partition of the vertices given by the distances d 1 , . . . , d r . Define the ith level L i in the following way:
(1) Delete all vertices and ends strictly within the radius d i of the root vertex and delete all bounded edges which are at least partially contained within radius d i .
(2) For each remaining connected component record the set of ends.
(3) L i is the set containing the sets from the previous step. Then the COF F C is Now let's begin with the above COF of length r = 3, F . The index sets are listed below. Note that k 1 = k 2 = k 3 = 2.
In this example, the construction will take 5 steps where the final step is stabilizing the 2-valent vertices. See Figure 7 for a depiction of this construction. The first step is when we create the root vertex and attach the end 1 which is given by [8] \ (I 1 3 ∪ I 2 3 ). We also attach k 3 = 2 bounded edges of length 1. 
Figure 6
In the second step we attach the end 8, given by
, to a vertex. Then since both φ −1 2 (I 3 1 ) and φ −1 2 (I 3 2 ) are nonempty we add a single bounded edge to both of the vertices from the first step.
For the third step we will start with the branch that has the end 8. To the new vertex we attach the ends 2, 3 and no bounded edges. On the other branch we attach no ends and two bounded edges. There are two bounded edges because φ 1 (I 1 1 ) ⊆ I 2 1 and φ 1 (I 1 2 ) ⊆ I 2 1 . The fourth step has us attaching the final ends. We attach the ends 4, 5 to one of the new vertices from step 3 and attach 6, 7 to the other vertex. Finally we omit the only 2-valent vertex. which respects the cone complex structures of M rad 0,n and B ′ (K n−1 ). Therefore we may write M rad 0,n = B ′ (K n−1 ) as polyhedral fans. Example 3.11. It is known that the cone complex of M trop 0,5 is given by the cone over the Petersen graph. We see in the Bergman fan B ′ (K 4 ) that 3 edges are subdivided, see Figure 8a . Label the lattice of flats of K 4 in the following way: See Figure 9 for a visual representation of the flats F 1 , F 7 , and F 11 . Consider the topdimensional cone σ in M trop 0,5 with the combinatorial type that has a root vertex V 0 with two bounded edges and adjacent vertices V 1 and V 2 with ends marked by I 1 = {2, 3} and I 2 = {4, 5}. An abstract tropical curve C with this combinatorial type has edge lengths ℓ 1 , ℓ 2 ∈ R + , see Figure 8b .
In B ′ (K 4 ), and therefore M rad 0,5 , we see that this cone is subdivided into σ 1 = cone(ρ F 1 , ρ F 11 ) and σ 2 = cone(ρ F 11 , ρ F 5 ) with their intersection being a ray ρ = ρ F 11 . It turns out that ρ corresponds to C where ℓ 1 = ℓ 2 and σ i is the cone corresponding to the abstract tropical curve C where ℓ i > ℓ j . 
3.2.1.
The image of M rad 0,n equals B ′ (Γ). As a generalization of [3] we define the space of graphically stable tropical curves and investigate its ability to be embedded as a balanced fan. In particular, we explore the relationship between M trop 0,Γ , M rad 0,Γ , and B ′ (Γ). Let Γ be a simple connected graph whose nodes are in bijection with ends 2, . . . , n of C. . We say that C is Γ-stable at V if • d > 2;
• d = 2, then |I| = 0; or • d = 1, then there exists e ij ∈ E(Γ) for i, j ∈ I. The root vertex, V 0 , is Γ-stable if it has at least 2 bounded edges or at least 1 end attached to V 0 . We say that C is Γ-stable if C is Γ-stable at all V.
We define M trop 0,Γ to be the parameter space of all rational n-marked Γ-stable abstract tropical curves. Similarly, we define M rad 0,Γ to be the parameter space of rational n-marked Γ-stable radially aligned abstract tropical curves.
As before, both of these spaces are well-defined as cone complexes but not necessarily as balanced fans. 
which successively contracts bounded edges adjacent to Γ-unstable vertices.
Example 3.14. Let Γ be a path of length 2. Then M trop 0,Γ is exactly the tropical moduli space of weighted stable tropical curves M trop 0,A with weight data A = (1, 1, 1/2, 1/2). The fan associated to this moduli space sits in R and contains a node at the origin and two rays pointing in opposite directions.
The previous example showed that the set of moduli spaces of weighted stable tropical curves and the set of moduli spaces of Γ stable tropical curves have an intersection. The next two examples show that neither is contained in the other. Figure 1a with the edges e 25 and e 34 removed. In this case, M trop 0,Γ is not isomorphic to a tropical moduli space with weighted points. Example 3.16. Consider the weight data A = (1, 1, 1/2, 1/2, 1/2). A likely choice of a corresponding graph would be the graph Γ obtained by removing the set of edges {e 34 , e 35 , e 45 } from K 4 . However, that graph corresponds to the weight data A ′ = (1, 1, ε, ε, ε) . We can see the difference by looking at the combinatorial type with split I = {3, 4, 5}. It is A-stable but not Γ-stable nor A ′ -stable.
To relate the theory of Bergman fans to these new graphically stable moduli spaces we need to understand what Γ-stability means in terms of COFs of K n−1 .
Recall that a flat of Γ can be thought of as a flat of K n−1 restricted to the edge set of Γ, i.e. a flat of Γ is F ∩ Γ where F is a flat of K n−1 . Consider a ray ρ with splits I 1 , . . . , I d and it's corresponding cluster graph F ρ = d j=1 K I j . Then ρ is Γ-unstable if and only if there exists I j such that K I j ∩ Γ has no edges.
Remark 3.18. In this matroidal notion, Γ-stability can be thought of as deletion of cliques of K n−1 .
Now consider the map
where L is the lineality space spanned by the vector (1, 1, . . . , 1) and S = span{v e |e ∈ Γ} is the span of basis vectors corresponding to edges not in Γ. Note that pr Γ is the natural projection map that forgets the coordinates corresponding to edges that are not in Γ.
Simultaneously, we may define
where U is the linear span of Γ-unstable rays of M trop 0,n . As described in Remark 3.1, we associate to a basis of Q n a set of combinatorial types of curves with splits I of size 2. A split of size 2 corresponds to an edge of Γ. Thus U is generated by combinatorial types corresponding to the edges removed from Γ.
Proposition 3.19. The fans pr Γ (B ′ (K n−1 )) and pr Γ (M rad 0,n ) and pr Γ (M trop 0,n ) have the same support. Furthermore pr Γ (B ′ (K n−1 )) = pr Γ (M rad 0,n ) as fans. Proof. It is clear from the discussion leading up to this proposition that the diagram in Figure 10 is commutative and since Ψ respects the fan structures upstairs, we obtain an isomorphism downstairs that also respects the fan structures. In general, the cone complex structures of pr Γ (B ′ (K n−1 )), B ′ (Γ), and M rad 0,Γ do not all coincide. First we investigate pr Γ and the relationship between pr Γ (B ′ (K n−1 )) and B ′ (Γ). From this point on we will use pr Γ to refer to both projection maps above. Proof. Since B ′ (K n−1 ) has the same as the image of M rad 0,n we need only construct a COF F of K n−1 of length n − 3 that remains length n − 3 when restricting the edge set to Γ. Then F corresponds to a radially aligned combinatorial type C F which is a trivalent tree such that when you shrink all but one bounded edge the resulting combinatorial type is Γ-stable.
Construction:
Note that Γ is connected and let T be a spanning tree of Γ. Fix adjacent vertices i and j in T . Denote I 1 = {i, j} and define vertex sets recursively
This can be seen by the following argument:
Recall that the rank of a flat is the number of non-isolated vertices minus the number of connected components. For each flat in F , the rank of K I k is k + 1 − 1 = k. By construction K I k ∩ Γ = T I k and so the rank of each flat is also k.
The combinatorial type of this COF is the caterpillar tree (see Figure 11 ) where one side has ends i and j and the other side has ends 1 and i n−3 . This caterpillar tree corresponds to the top-dimensional cone
Here, σ is an example of a cone of M trop 0,n that doesn't get subdivided when refined to the radially aligned subdivision. Therefore pr Γ doesn't contract all top-dimensional cones of M trop 0,n and M rad 0,n . j i i 1 i 2 i n−5 i n−4 i n−3 1 Figure 11 . A Caterpillar Tree
Note that the support of B ′ (Γ) is a subset of R |E(Γ)| /L where L is the lineality space spanned by the all ones vector. It is a computation to see that the dimension of R |E(K n−1 )| /L/S is the same as the dimension of R |E(Γ)| /L. There is a natural isomorphism between these two spaces given by underlying matroidal structure. In other words, the standard basis vectors of each space are given by edges in their respective graphs and the vectors in S correspond to precisely the edges not in Γ. With this in mind we reach the first theorem of this paper. Theorem 3.21. Let Γ be a connected graph on n − 1 vertices. Then pr Γ (M rad 0,n ) = B ′ (Γ). Proof. Since Γ is a connected graph the dimension of B ′ (Γ) is rank(Γ) − 1 where rank(Γ) is the number of vertices minus 1. In total, we obtain dim (B ′ (Γ)) = n − 3 = dim M rad 0,n . By Lemma 3.20 the dimension of pr Γ (M rad 0,n ) is also n − 3. Since B ′ (Γ) is irreducible and has the same dimension, pr Γ is surjective.
As mentioned earlier, both M trop 0,Γ and M rad 0,Γ are well-defined as cone complexes but may not be able to be embedded into Q n /U. Geometrically the issue is that these fans may contain cones which are adjacent to only 1 maximal cell, and thus cannot be balanced. We proceed by taking a combinatorial approach to the problem.
To investigate the relationship between M rad 0,Γ and B ′ (Γ) consider the locus of M rad 0,n of Γ-stable curves given by the section ι, which is the natural inclusion map. We define Ψ Γ := pr Γ • (Ψ • ι) as a map of cone complexes in the following diagram.
The map Ψ Γ induces a map (denoted by the same name) between Γ-stable radially aligned combinatorial types and COFs of Γ. Note that Ψ • ι induces a bijection between the set Γ-stable radially aligned combinatorial types and Γ-stable flats of K n−1 . Hence statements about Ψ Γ are equivalent to statements about pr Γ restricted to Γ-stable flats.
By showing Ψ Γ is a bijective map between the set of Γ-stable radially aligned combinatorial types and the set of COFs of Γ, we obtain an induced bijection of the fans M rad 0,Γ and B ′ (Γ). The next lemma shows that surjectivity of this map is not hard come by and follows from the fact that flats of Γ are flats of K n−1 restricted to the edge set of Γ Lemma 3.22. The map Ψ Γ is surjective.
Proof. Consider the COF F of Γ given by F 1 ⊂ · · · ⊂ F r where F i has k i connected components. Write the vertex set of each connected component of F i as I i j . Construct the COF G of K n−1 as G :
Then we have pr Γ (G) = F and thus Ψ Γ is surjective.
The interesting part of the map Ψ Γ is that it is not always injective. The obstruction is highlighted in the following example. Example 3.23. Let Γ be the subgraph of K 4 with edges e 35 and e 45 removed, see Figure 12 . In M trop 0,n , there are now 8 combinatorial types with 1 bounded edge and 9 combinatorial types with 2 bounded edges that are Γ-stable. This means that M trop 0,Γ , as a cone complex, has 8 rays and 9 2-dimensional cones and M rad 0,Γ has 9 rays and 10 2-dimensional cones as described in Example 3.11.
It is important to note that as cone complexes B ′ (Γ) is not equal to M trop 0,Γ nor M rad 0,Γ , see Figures 13a and 13b . The obstruction lies in the ray ρ = ρ {3,4,5} and the cone σ = cone(ρ {3,4,5} , ρ {3,4} ). Let C ρ and C σ be their corresponding combinatorial types. Geometrically, ρ is adjacent to only 1 Γ-stable maximal cell. Meaning there is no way to embed ρ and σ into a vector space as a balanced fan. 4,5} and this COF reduces to the single flat K {3,4} when restricting the edge set. That is to say there are 3 combinatorial types of M rad 0,Γ whose cones all coincide in B ′ (Γ), namely
The map Ψ Γ goes from the cone complex depicted in Figure 13a to the one in Figure 13b . Here we can clearly see the obstruction in M rad 0,Γ and how it is collapsed in B ′ (Γ).
Remark 3.24. We saw in Example 3.23 that pr Γ (restricting the edge set) was not injective on cones corresponding to the flats which dropped in rank. In particular, the obstruction was a K 3 subgraph which had 2 of its 3 edges deleted. So we can only allow a graph Γ if it has the property that if you delete 2 edges of a K 3 , then the third edge must also be deleted. This is equivalent to the third characterization in Lemma 2.4. Proof. First let's assume that pr Γ is injective. That is, for any two distinct Γ-stable flats, their images under pr Γ are distinct. Let F be a Γ-stable flat of K n−1 . Let T be a spanning forest of pr Γ (F ) = F ∩Γ. By way of contradiction, suppose that rk(F ∩Γ) < rk(F ). Consider cl K n−1 (T ) as a flat of K n−1 . Then we have pr Γ (F ) = F ∩ Γ = cl Γ (T ) := cl K n−1 (T ) ∩ Γ = pr Γ (cl K n−1 (T )).
But since rk(cl K n−1 (T )) = rk(T ) < rk(F ), cl K n−1 (T ) = F . This contradicts the injectivity of pr Γ on Γ-stable flats. Now we will prove the backwards direction. Suppose that for any Γ-stable flat F , then rk(F ) = rk(pr Γ (F )). Let F and G be Γ-stable flats of K n−1 with pr Γ (F ) = pr Γ (G). By our Figure 13 hypothesis, we can deduce that rk(F ) = rk(G). By Lemma 2.3 F and G share a spanning forest, call it T . Then by definition, cl K n−1 (T ) = F and cl K n−1 (T ) = G. This proves pr Γ is injective, completing the proof. Lemma 3.26. Suppose C is a clique of K n−1 and that Γ is a complete multipartite graph labeled by the same n − 1 vertices. Then rk(C) = rk(pr Γ (C)) or rk(pr Γ (C)) = 0.
Proof. Suppose that rk(pr Γ (C)) = 0, i.e. pr Γ (C) is not the empty graph. Fix an edge e ij between vertices v i and v j . By Lemma 2.4 for any other vertex v k either e ik or e jk exists. So there is a path between any two vertices of pr Γ (C) going through the edge e ij . This means that pr Γ (C) is connected and any spanning tree contains all n − 1 vertices, proving the lemma. Proof. First we will prove the backwards direction. Let F be a Γ-stable flat of K n−1 . Note that F is a disjoint union of cliques, C i . By assumption, the image of each clique, under pr Γ , is not empty. Using Lemma 3.26, we have
rk(C i ∩ Γ) = rk(F ∩ Γ) = rk(pr Γ (F )).
By Proposition 3.25, pr Γ is injective on cones corresponding to Γ-stable flats. Now suppose that pr Γ is injective on cones corresponding to Γ-stable flats. It is enough to prove the equivalent statement from Lemma 2.4. Let v i and v j be vertices of Γ such that e ij is an edge of Γ. Fix another vertex v k . Consider the flat F = K {v i ,v j ,v k } . We know that
Since rk(pr Γ (F )) = rk(F ) = 2, either e ik or e jk must exist as edges in Γ.
Geometrically, Lemma 3.26 and Lemma 3.27 show that when Γ is a complete multipartite graph, the cone complex M rad 0,Γ will not contain a ray which is adjacent to only 1 maximal cell and thus can be embedded as a balanced fan.
Theorem 3.28. The cone complex underlying M rad 0,Γ is naturally identified with pr Γ (M rad 0,n ) = B ′ (Γ) if and only if Γ is a complete multipartite graph. In particular, this complex has the structure of a balanced fan.
Proof. By Lemma 3.27 and Proposition 3.25, pr Γ induces a bijection between the set of Γstable flats of K n−1 and flats Γ only when Γ is a complete multipartite graph. In this case Ψ Γ is a bijection between Γ-stable radially aligned combinatorial types of M rad 0,Γ and flats of Γ. Thus the map Ψ Γ induces an isomorphism of cone complexes on the ambient vector spaces. We finish the proof with noting that M rad 0,Γ is a balanced fan by the fact that it has the same structure as the balanced fan pr Γ (M rad 0,n ).
